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Symmetrization

Lemma (Symmetrization).

For every convex, nondecreasing ¢ : R — R and a class of
measurable functions F,

E* (||, — Pll7) < E* ®(2||P}]|5)
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Measurable Class

Definition (Measurable class).

A class F of measurable functions f : 7 — R on a probability
space (X, A, P) is called a P-measurable class if the map:

(Xl,XQ,...,X,,) —

i e,-f(X,-)
i=1

is measurable for all {e1,..., e} € R” on the completion of the
space (X", A" P").

.F

Example

The use of the above definition is that we can claim that
Ex E. = E*
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Bracketing numbers

Definition (Bracketing numbers).

Given two functions / and u, the bracket [, u] is the set of all
functions f with / < f < u pointwise. An e-bracket is a bracket

[/, u] with [|u — /|| < €. The bracketing number Ny(e, F, || - [|)

(| - || here is the norm on F) is the minimum number of e-brackets
needed to cover F. Note that v and / need not belong to F, but
are assumed to have finite norms.
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GC Class Sufficient Condition 1

Let F be a class of measurable functions such that
Ny (e, F, L1(P)) < oo for every ¢ > 0. Then F is Glivenko-Cantelli.
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GC Class Sufficient Condition 2

Let F be a P-measurable class of measurable functions with
envelope F such that P*F < oco. Let Fj be the class of functions
f1r<m when f ranges over F. If log N(e, Fum, L1(IPy)) = op(n) for
every € and M > 0, then ||P, — P||% — 0 both almost surely and
in mean. In particular F is a GC class.
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A Donsker Theorem

Theorem

Theorem. Let F be a class of measurable functions, with
envelope F, that satisfies the following uniform entropy bound:

/ sup /log N(e|Fllg.2. F L2(Q))de < oo
0 @

The supremum is taken over all finitely discrete probability
measures Q on (X, A), such that [|F||3, = [ F?dQ > 0. Let the
classes Fs ={f —g:f,g e F, ||f—g\|;>,2 < 0} and

F2 ={f?:f € Fx} be P-measurable for any § > 0. If

P*F? < oo, then F is P-Donsker.
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